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Abstract
We investigate a cosmological model in which dark energy identified with the vacuum energy
which is running and decaying. In this model vacuum is metastable and decays into a bare (true)
vacuum. This decaying process has a quantum nature and is described by tools of the quantum
decay theory of unstable systems. We have found formulas for an asymptotic behavior of the
energy density of dark energy in the form of a series of inverse powers of the cosmological time.
We investigate the dynamics of FRW models using dynamical system methods as well as searching
for exact solutions. For the interpretation of the dynamical evolution caused by the decay of the
quantum vacuum we study the thermodynamics of the apparent horizon of the model as well as the
evolution of the temperature. For the early Universe, we found that the quantum effects modified
the evolution of the temperature of the Universe. In our model the adiabatic approximation is
valid and the quantum vacuum decay occurs with an adequate unknown particle which constitutes
quantum vacuum. We argue that the late-time evolution of metastable energy is the holographic
dark energy.
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I. INTRODUCTION
While the standard cosmological model successfully describes astronomical observation
from the primordial nucleosynthesis to the present day, this effective description contains
many troubles. In the present cosmology, in principle, we meet two following problems.
The first one is the cosmological constant problem. It is a unexplained difference between
the measured value of the vacuum energy and the value calculated using quantum field
theory methods [1]. The second problem is the need of explanation why the present density
of matter and dark energy in the Universe has the same order of magnitude [2]. This
question is called the coincidence problem. In this paper, these cosmological problems will
be considered in the framework of the cosmological model where the cosmological constant
is running and, in result, its value is changing during the cosmic evolution.
Results of the current astronomical observations lead to the conclusion that the Universe
is in an accelerated phase [3]. This acceleration is explained as a consequence of a presence of
dark energy. The analysis of astronomical observations shows that there is a tension between
local and primordial measurements of cosmological parameters [3]. A possible explanation
of this tension can be dark energy which changes in time [4]. In this paper, we consider dark
energy dependent on time, ρde = ρde(t) and it is metastable. We assume that dark energy
decays with the increasing time t to ρbare (ρde(t) → ρbare 6= 0 when t → ∞). The decaying
vacuum energy was considered in many papers (see e.g. [5, 6] and also [7, 8]). Recently
models with metastable dark energy have drawn attention in the context of discrepancies
appearing in the standard cosmological model related with the so-called H0 tension problem
[9, 10].
Shafieloo et al. [11] assumed that ρde(t) decays according to the radioactive exponential
decay law. But, this assumption is not sufficient to explain the evolution of the Universe
in the time of the decaying process of dark energy, because the creation of the Universe is
a quantum process. So, the metastable dark energy was propose as the value of a scalar
field at the false vacuum state and the decay of the dark energy should be considered as the
quantum decay process.
The quantum decay processes consist of the following phases [12, 13]:
• the early time initial phase,
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• the canonical or exponential phase,
• the late time non-exponential phase.
In result, the first phase and the third one are missed in the case of the radioactive decay
law only. The theoretical analysis of quantum decaying processes shows that for the late
time, the survival probability of the system, which is considered in its initial state (i.e. the
decay law), should tend to zero as t → ∞ much more slowly than an exponential function
of time and that as a function of time it has an inverse power-like form at this regime of
time [12, 14]. The consequences of the decay process of the dark energy as the quantum
decay process can be found only if a quantum decay law describes decaying metastable dark
energy. This idea was studied by Szydlowski et al. [15].
In cosmology, the Hawking temperature and entropy with the apparent horizon can be
considered in an analogous way to as it is considered in the context of the black hole horizon
[16, 17]. For cosmological models, the apparent horizon always exists even if the horizon
does not exist. We study the problem of thermodynamics in cosmological models with an
interaction between matter and dark energy.
The paper has the following structure. In Section 2, there is an introduction into a
formalism of a quantum decaying process of dark energy. Section 3 is about time scales in
the process of decaying metastable dark energy. In Section 4, we investigate cosmology with
a decaying dark energy. Thermodynamics of the cosmological model with an interaction
between matter and dark energy is considered in Section 5. For a deeper interpretation of
decaying process we consider an evolution of temperature in Section 6. Section 7 contains
conclusions.
II. DECAY OF A DARK ENERGY AS A QUANTUM DECAY PROCESS
When one studies quantum unstable systems, the survival probability (the decay law)
P(t) = |A(t)|2, (1)
is used to describe changes in time of an unstable system. This means that properties
properties of the survival amplitudes
A(t) = 〈φ|φ(t)〉 (2)
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are analyzed in such a case. Here a vector |φ〉 represents the unstable state of the system
considered and |φ(t)〉 is the solution of the Schro¨dinger equation
i~
∂
∂t
|φ(t)〉 = H|φ(t)〉. (3)
The initial condition for Eq. (3) in the case considered is usually assumed to be
|φ(t = t0 ≡ 0)〉 def= |φ〉, or equivalently, A(0) = 1. (4)
In Eq. (3) H denotes the complete (full), self-adjoint Hamiltonian of the system.
Using the basis in H build from normalized eigenvectors |E〉, E ∈ σc(H) of H and using
the expansion of |φ〉 in this basis one can express the amplitude A(t) as the following Fourier
integral
A(t) ≡ A(t− t0) =
∫ ∞
Emin
ω(E) e− i~ E (t− t0) dE, (5)
where ω(E) = ω(E)∗ and ω(E) > 0 is the probability to find the energy of the system
in the state |φ〉 between E and E + dE. The last relation (5) means that the survival
amplitude A(t) is a Fourier transform of an absolute integrable function ω(E). If we apply
the Riemann-Lebesgue lemma to the integral (5) then one concludes that there must be
A(t) → 0 as t → ∞. This property and the relation (5) are an essence of the Fock–Krylov
theory of unstable states [18, 19].
So, within this approach the amplitude A(t), and thus the decay law P(t) of the unstable
state |φ〉, are determined completely by the density of the energy distribution ω(E) for the
system in this state [18, 19] (see also [12, 20], and so on. (This approach is also applicable
to models in quantum field theory [21, 22]).
Note that in fact the amplitude A(t) contains information about the decay law P(t)
of the state |φ〉, that is about the decay rate γφ of this state, as well as the energy Eφ
of the system in this state. This information can be extracted from A(t). It can be done
rigorously using the equation governing the time evolution in the subspace of unstable states,
H‖ ∋ |φ〉‖ ≡ |φ〉. Such an equation follows from the Schro¨dinger equation (3) for the total
state space H.
Using Schro¨dinger equation (3) one finds that within the problem considered
i~
∂
∂t
〈φ|φ(t)〉 = 〈φ|H|φ(t)〉. (6)
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From this relation one can conclude that the amplitude A(t) satisfies the following equation
i~
∂A(t)
∂t
= h(t)A(t), (7)
where
h(t) =
〈φ|H|φ(t)〉
A(t) ≡
i~
A(t)
∂A(t)
∂t
, (8)
The effective Hamiltonian h(t) governs the time evolution in the subspace of unstable
states H‖ = PH, where P = |φ〉〈φ| (see [23] and also [24, 25] and references therein). The
subspace H⊖H‖ = H⊥ ≡ QH is the subspace of decay products. Here Q = I−P. One meets
the effective Hamiltonian h(t) when one starts with the Schro¨dinger equation for the total
state space H and looks for the rigorous evolution equation for a distinguished subspace of
states H|| ⊂ H [23, 26, 27]. In general h(t) is a complex function of time and in the case of
H‖ of two or more dimension the effective Hamiltonian governing the time evolution in such
a subspace is a non-hermitian matrix H‖ or non-hermitian operator. There is
h(t) = Eφ(t)− i
2
γφ(t), (9)
where Eφ(t) = ℜ [h(t)], γφ(t) = −2ℑ [h(t)], are the instantaneous energy (mass) Eφ(t) and
the instantaneous decay rate, γφ(t). (Here ℜ (z) and ℑ (z) denote the real and imaginary
parts of z, respectively).
The quantity γφ(t) = −2ℑ [h(t)] is interpreted as the decay rate, because it satisfies the
definition of the decay rate used in quantum theory. Using (8) it is easy to check that
γφ(t)
~
def
= − 1P(t)
∂P(t)
∂t
= − 1|A(t)|2
∂|A(t)|2
∂t
≡ −2
~
ℑ [h(t)]. (10)
We have |φ(t)〉 = exp [− i
~
tH]|φ〉. So, in a general case A(t) ≡ 〈φ| exp [− i
~
tH]|φ〉. It is not
difficult to see that this property and hermiticity of H imply that [12]
(A(t))∗ = A(−t). (11)
The conclusion resulting from this property and from the relation (8) is that
h(−t) = (h(t))∗ . (12)
Therefore there must be
Eφ(−t) = Eφ(t), and γφ(−t) = −γφ(t), (13)
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That is, the instantaneous energy Eφ(t) = ℜ [h(t)] is an even function of time t and the
instantaneous decay rate γφ(t) = −2ℑ [h(t)] an odd function of t.
In the large literature many quantum unstable systems are described within the Fock–
Krylov theory using Breit–Wigner energy density distribution function ωBW (E). The use of
ωBW (E) is convenient because it describes relatively well a large class of unstable systems
and allows to find an analytical form of the survival amplitude a(t) (see, eg. [28] and papers
therein). It turns out that the decay curves obtained in this simplest case are very similar in
form to the curves calculated for the more general ω(E), (see [20] and the analysis in [12]).
So, to find the most typical properties of the decay process it is sufficient to make the relevant
calculations for ω(E) modeled by the the Breit–Wigner distribution of the energy density
ωBW (E). For this energy density distribution one can find relatively easy the analytical
form of a(t) at very late times as well as analytical asymptotic form of h(t), E(t) and γ(t)
for such times.
ω(E) ≡ ωBW(E) def= N
2pi
Θ(E − Emin)Γ0
(E − E0)2 + (Γ02 )2
, (14)
where N is a normalization constant and Θ(E) is the unit step function.
The parameters E0 and Γ0 correspond to the energy of the system in the unstable state
|φ〉 and its decay rate at the exponential (or canonical) regime of the decay process. Emin
is the minimal (the lowest) energy of the system. Inserting ωBW(E) into formula (5) for the
amplitude A(t) and assuming for simplicity that t0 = 0, after some algebra one finds that
A(t) = N
2pi
e− i~E0t Iβ
(
Γ0t
~
)
, (15)
where
Iβ(τ) def=
∫ ∞
−β
1
η2 + 1
4
e−iητ dη. (16)
Here τ = Γ0 t
~
≡ t
τ0
, τ0 is the lifetime, τ0 =
~
Γ0
, and β = E0−Emin
Γ0
> 0. The integral Iβ(τ) has
the following structure
Iβ(τ) = Ipoleβ (τ) + ILβ (τ), (17)
where
Ipoleβ (τ) =
∫ ∞
−∞
1
η2 + 1
4
e−iητ dη ≡ 2pi e− τ2 , (18)
and
ILβ (τ) = −
∫ ∞
+β
1
η2 + 1
4
e+iητ dη. (19)
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The integral ILβ (τ) can be expressed in terms of an integral-exponential function [24, 25, 28,
29] (for a definition, see [30, 31]). The result (17) means that there is a natural decomposition
of the survival amplitude A(t) into two parts
A(t) = Ac(t) +AL(t), (20)
where
Ac(t) = N
2pi
e− i~E0t Ipoleβ
(
Γ0t
~
)
≡ N e− i~E0t e−Γ0 t2~ , (21)
and
AL(t) = N
2pi
e− i~E0t ILβ
(
Γ0t
~
)
, (22)
Ac(t) is the canonical part of the amplitude A(t) describing the pole contribution into A(t)
and AL(t) represents the remaining part of A(t).
From the decomposition (20) it follows that in the general case within the model consid-
ered the survival probability (1) contains the following parts
P(t) = |A(t)|2 ≡ |Ac(t) +AL(t)|2
= |Ac(t)|2 + 2ℜ [Ac(t) (AL(t))∗] + |AL(t)|2.
(23)
This last relation is especially useful when one looks for a contribution of a late time prop-
erties of the quantum unstable system into the survival amplitude.
The late time form of the integral ILβ (τ) and thus the late time form of the amplitude
AL(t) can be relatively easy to find using analytical expression for AL(t) in terms of the
integral-exponential functions or simply performing the integration by parts in (19). One
finds for t→∞ (or τ →∞) that the leading term of the late time asymptotic expansion of
the integral ILβ (τ) has the following form for τ →∞ [29]
ILβ (τ) ≃
i
τ
eiβτ
β2 + 1
4
[
− 1 + 2β
β2 + 1
4
i
τ
+
2
β2 + 1
4
(
1− 4β
2
β2 + 1
4
)( i
τ
)2
+
24β
(β2 + 1
4
)2
( 2β2
β2 + 1
4
− 1
)( i
τ
)3
+
24
(β2 + 1
4
)2
(
− 16β
4
(β2 + 1
4
)2
+
12β2
β2 + 1
4
− 1
)( i
τ
)4
+ · · ·
]
. (24)
Thus inserting (24) into (22) one can find late time form of AL(t).
Now let us analyze properties of the instantaneous energy E(t) and instantaneous decay
rate γφ(t) in the model considered. These quantities are defined using the effective Hamil-
tonian h(t). In order to find h(t) we need for the quantity i ~ ∂A(t)
∂t
(see (8)). From Eq. (15)
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one finds that
i~
∂A(t)
∂t
= E0A(t) + Γ0 N
2pi
e− i~E0t Jβ(τ(t)), (25)
where
Jβ(τ) =
∫ ∞
−β
x
x2 + 1
4
e−ixτ dx, (26)
or simply (see (16)),
Jβ(τ) ≡ i∂Iβ(τ)
∂τ
. (27)
This last relation (27) is a very convenient way to obtain an analytical expression for Jβ(τ)
after finding an analytical formula for Iβ(τ).
Now the use of (15), (25) and (8) leads to the conclusion that within the model considered,
h(t) = i~
1
A(t)
∂A(t)
∂t
= E0 + Γ0
Jβ(τ(t))
Iβ(τ(t)) , (28)
which means that
E(t) = ℜ [h(t)] = E0 + Γ0ℜ
[Jβ(τ(t))
Iβ(τ(t))
]
, (29)
and
γφ(t) = −2ℑ[h(t)] = −2 Γ0ℑ
[Jβ(τ(t))
Iβ(τ(t))
]
. (30)
In order to visualize properties of E(t) it is convenient to use the following function
κ(t)
def
=
E(t)− Emin
E0 − Emin . (31)
Using (29) one finds that
E(t)−Emin = E0 − Emin + Γ0ℜ
[Jβ(τ)
Iβ(τ)
]
, (32)
If we divide two sides of equation (32) by E0−Emin then one obtains the function κ(t) (see
(31)) we are looking for
κ(τ(t)) = 1 +
1
β
ℜ
[Jβ(τ(t))
Iβ(τ(t))
]
. (33)
In order to find the asymptotic form of h(t) one needs the late time form for Jβ(τ).
Proceeding in the same way as in the case of ILβ (τ) one finds for τ →∞ [29] that
Jβ(τ) ≃ i
τ
eiβτ
β2 + 1
4
{
β +
[
1− 2β
2
β2 + 1
4
] i
τ
+
2β
β2 + 1
4
[ 4β2
β2 + 1
4
− 3
] ( i
τ
)2
+
6
β2 + 1
4
[
− 8β
4
(β2 + 1
4
)2
+
8β2
β2 + 1
4
− 1
] ( i
τ
)3
+
24β
(β2 + 1
4
)2
[ 16β4
(β2 + 1
4
)2
− 20β
2
β2 + 1
4
+ 5
] ( i
τ
)4
. . .
}
. (34)
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Starting from the asymptotic expression (34) and using formula (28) one can find the late
time asymptotic form of h(t) and thus of E(t) and γφ(t) for the model considered [29]
E(t) t→∞ = ℜ [h(t)] t→∞ ≃ Emin − 2
E0 − Emin
Γ20 (β
2 + 1
4
)
(
~
t
)2
+
1
4
6− 21β + 48β2 − 64β3 − 288β4 + 464β5
Γ30 (β
2 + 1
4
)4
(
~
t
)4
+ · · · , (35)
and,
γφ(t) t→∞ = −2ℑ [h(t)] ≃ 2
~
t
+
1
2
1 + 24β − 28β2 − 96β3 + 64β4
Γ20 (β
2 + 1
4
)3
(
~
t
)3
+ · · · . (36)
In the general case in the agreement with properties (13) we have for t→∞
E(t) t→∞ ≃ Emin +
∑
k≥1
f2k (
~
t
)2k, (37)
i. e., E(t) t→∞ is an even function of time t, and
γφ(t) t→∞ ≃
∑
k≥0
g2k+1 (
~
t
)2k+1. (38)
is an odd function of t, where f2k = (f2k)
∗ and g2k+1 = (g2k+1)∗.
All the above described properties of the quantum unstable system are general one and
do not depend on a specific form of interactions forcing the decay process or a mechanism
responsible for such a process. Simply, in all quantum decay processes general properties of
the decay law are the same. The decay law has always an initial non-exponential phase, the
exponential (canonical) phase and the late time non-exponential phase. This concerns also
such a quantum process as the decaying dark energy.
III. DIFFERENT TIME SCALES IN THE PROCESS OF DECAYING METASTABLE
DARK ENERGY
In our approach the parameterization of metastable dark energy is calculated from the
quantum mechanics principles and incorporated into the FRW cosmology. Then we consider
the Friedmann equation with this quantum correction. The physical processes take place in
9
different time scales. For our approximation it is important to satisfy the adiabatic approx-
imation: time scale of quantum processes is much less than the cosmological time scale and
proportional to 1/H where H is the Hubble parameter. In this section we present different
time scales related to processes of decay of metastable dark energy for demonstration of
validation of the adiabatic approximation.
The question arises when the quantum properties of evolution become negligibly small and
cease to have a significant impact on the further evolution of the system. The observation
that the ability to interfere is an essential and inherent feature of quantum processes suggests
an answer for this question. As one can see our formula (23) contains the interference
element. Namely, the element 2ℜ [Ac(t) (AL(t))∗] in the formula (23) for survival probability
P(t) describes the contribution to the survival probability coming from the interference of
the pole contribution Ac(t) and the AL(t), which dominates at late times, to the full survival
probability P(t). Hence the reasonable conclusion is that for such late times t, for which
the following inequality will be fulfilled,
2 | ℜ [Ac(t) (AL(t))∗] | ≪ |AL(t)|2 , (39)
the quantum nature of temporal evolution will become negligible.
Now let us consider as an example the model based on the Breit–Wigner energy distri-
bution function ωBW (E). Within this model Ac(t) is given by the formula (21). The late
form of the amplitude AL(t) can be obtained by inserting the asymptotic expansion (24)
into (22). So we obtain for t→∞,
AL(t) = −N
2pi
e− i~Σ0τ i
τ
eiβτ
β2 + 1
4
+ · · · , (40)
where Σ0 =
E0
Γ0
. Hence, at late times
2ℜ [Ac(τ) (AL(τ))∗] ≃ N
2
2pi
1
β2 + 1
4
sin βτ
τ
e− τ2 , (41)
and
|AL(τ)|2 ≃ N
2
4pi2
1
(β2 + 1
4
)2
1
τ 2
. (42)
The form of 2ℜ [Ac(τ) (AL(τ))∗] and |AL(τ)|2 as functions of time τ = Γ0t~ for different
values of β is presented below in Figs 1 and 2.
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(d)The case β = 100.
FIG. 1. Contributions of 2ℜ [Ac(τ) (AL(τ))∗] and |AL(τ)|2 to the survival probability P(t) as
functions of time t at late times. Axes: y = 2ℜ [Ac(τ) (AL(τ))∗] (Dashed line), |AL(τ)|2 (Solid
line); x = Γ0t
~
.
Within the model considered we obtain from (41) that
2 | ℜ [Ac(t) (AL(t))∗] | ≤ N
2
2pi
1
β2 + 1
4
1
τ
e− τ2 , (43)
and the right hand side of the inequality (43) is the upper bound for the values of
2ℜ [Ac(t) (AL(t))∗]. This means that in our model in order to find an approximate value of
time Tq−c from which the quantum effects will be negligibly small, it is sufficient to use the
simplified version of the condition (39). It can be obtained replacing the left hand side of the
inequality (39) by its upper bound (43) and the right hand side of (39) by (42) respectively.
This leads to the following condition,
e− τ2 ≪ 1
2pi
1
β2 + 1
4
1
τ
. (44)
The time Tq−c we are looking for, is the solution of the following equation
e− τ2 = 1
2pi
1
β2 + 1
4
1
τ
, (45)
and according to the condition (39) for times t ≫ Tq−c the quantum nature of the time
evolution of the system considered will be negligible. (Here Tq−c means Tquantum−to−classical).
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(c)The case β = 10.
FIG. 2. A comparison of contributions of the sum 2ℜ [Ac(τ) (AL(τ))∗] and |AL(τ)|2 with the
contribution of |AL(τ)|2 to the survival probability P(t) as functions of time t at late times. Axes:
y = 2ℜ [Ac(τ) (AL(τ))∗] + |AL(τ)|2 (Solid line), |AL(τ)|2 (Dashed line); x = Γ0t~ .
There are the following solutions of Eq. (45) in the cases presented in Figs 1(a), 1(b), 1(c)
and 1(d): We have τq−c = 8.37177 for β = 1, τq−c = 18.7539 for β = 10 and τq−c = 28.8185
for β = 100, (where τq−c =
Γ0 Tq−c
~
). So, the large ratio E0−Emin
Γ0
, (that is β), the large
τq−c, i.e., Tq−c. Analyzing results presented in Figs 1 and 2 one can see that starting from
times τ ≃ τq−c the contribution of the interference term 2ℜ [Ac(t) (AL(t))∗] into the survival
probability becomes negligible small in comparison to the contribution of |AL(t)|2 and at
these times simply P(t) ≃ |AL(t)|2, which can be interpreted that for times t > Tq−c the
quantum nature of time evolution practically disappears. This last conclusion is illustrated
in a graphical form in Fig. 2, where one can see that within the model considered the
contribution of the sum, 2ℜ [Ac(τ) (AL(τ))∗] + |AL(τ)|2, to the survival probability P(t)
for t > Tq−c together with the rise of time t becomes closer and closer to the contribution
coming only from |AL(τ)|2 so that P(t) ≃ |AL(t)|2 for t≫ Tq−c. The another conclusion is
that this analysis highlights the fact that relations (35) and (36) are valid only for t≫ Tq−c.
In other words, the energy E(t) for t≫ Tq−c has the form (35) to a very good approximation,
while there is E(t) ∼ E0 for t≪ Tq−c (see Fig 3). So the following quantum effect takes place:
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there is E(t)|t→∞ ≪ E0 for t≫ Tq−c and at this time region the energy E(t) ≃ E(t)|t→∞ can
be approximated as the sum of the minimal energy Emin of the system and time-depended
corrections, which leading element is of order 1/t2 (see (35) and Fig. 3).
15 20 25 30
x
5
10
15
y
FIG. 3. An illustration of the typical behavior of energy E(t) over a period of time containing
the instant t = Tq−c. The case β = 10. Axes: y = κ(t) ≡ E(t)−EminE0−Emin – the solid line; κ(t) for
E(t) = E0 = const. – the dashed line; x =
Γ0t
~
.
Now, how does the above picture look in the case of real elementary particles? Let us
consider as an example the Higgs boson. Its mass is E0 = mH ≃ 125.2 GeV, the decay
width Γ0 = ΓH ≃ 4.2 MeV. The lifetime τ0 = τH = ~ΓH is τH ≃ 1.57× 10−22 s. Assuming for
simplicity that Emin = 0 we obtain that β =
E0−Emin
ΓH
≡ mH
ΓH
def
= βmx ≃ 29809.5. Inserting this
maximal value βmx of β into Eq. (45) we obtain τq−c ≃ 52.82. This means that within the
model defined by the Breit–Wigner function of the energy distribution the time Tq−c equals:
Tq−c = τq−c × τH ≃ 8.3 × 10−21 s. Hence we can conclude that considering the quantum
decay processes of types similar to the Higgs boson decays one can expect that at times
much later than t = Tq−c ≃ 8.3 × 10−21 s the quantum nature of the time evolution will no
longer have a significant impact on the evolution of the system considered.
Applying quantum theory to describe the process of a false vacuum decay, or more gen-
erally, to describe a decaying dark energy, we meet a certain incoherence caused by the fact
that equations of the evolution of the Universe (Einstein’s equations) and thus their solu-
tions are symmetric with respect to transformation: t → (−t), what can not be said about
quantum decay processes. In general the time reversal symmetry should be valid in the
quantum system until the initial conditions are taken into account. In quantum mechanics,
if one wants to examine the evolution in a given state of the system in time, one must first
prepare the initial state of this system. The process of preparing this state obviously breaks
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the symmetry of reflection in time, and it is mathematically expressed in a concrete choice
of initial conditions. In other words the process of preparing the system in a given quan-
tum unstable state breaks the time reversal symmetry (see, eg. [32]). Simply, one prepares
(creates) the state of the system at a set initial instant of time t = t0, which then evolves
in time t > t0. If this state was created at the initial moment of time t0, it means that in
earlier moments of time t < t0 it was not (or in other words, that it was not occupied), and
in turn, it means that the process of the preparation of the system in this state broke time
reversal symmetry.
Analyzing the problem of the time reversal symmetry in cosmology one should invoke a
problem of baryogenesis and the baryon-antibaryon asymmetry. From the astrophysics ob-
servations we know that the observed Universe is composed almost entirely of matter with
little or no primordial antimatter: There is the observed imbalance in baryonic matter and
antibaryonic matter in the observable Universe. Sakharov [33] has formulated conditions
that ensure that a small baryon asymmetry may have been produced in quantum pro-
cesses occurring in the early Universe. One of them is a violation of C (charge conjugation
symmetry) and CP (the composition of parity and C) symmetries and this condition is im-
portant for our analysis. Namely, within methods of the quantum field theory the so-called
CPT–theorem has been proved [34–39]. This theorem follows from the basic assumptions of
quantum theory: (i) Relativistic invariance, (ii) The spectral condition: the eigenvalues of
the energy momentum operator Pµ lie in or on the plus (forward) light cone V+, (iii) Local
commutativity (called also “microscopic causality”) [37–39]. This theorem states that if the
conditions (i), (ii) and (iii) holds in the considered system then the combined symmetry
CPT must be conserved. (Here T denotes time-reversal symmetry). So far no one has
proved that the CPT–theorem is wrong. From this theorem it follows that the mentioned
Sakharov condition can be satisfied only if the time reversal symmetry T is violated. This
is because then the violation of CP is compensated by the violation of T and the combined
symmetry CPT can be conserved. Thus simply when considering quantum aspects of cos-
mological scenarios according to the contemporary physics the observed baryon-antibaryon
asymmetry in our Universe can be considered as the proof that time reversal symmetry is
violated. This means that irreversible quantum processes such as the decay processes can
not be considered to be contrary to the basic assumptions of cosmological models.
When analyzing temporal behavior of the decaying dark energy as a function of time t
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the following strategies can be used. One can analyze the decay process as the quantum
decay process governed by the quantum mechanical decay law P(t), or one can consider
the dark energy as the energy density in the metastable false vacuum state and to analyze
temporal properties of this energy density similarly to the properties of the instantaneous
energy of the system in the unstable state |φ〉.
In the case of the first strategy defining
ρ˜de(t)
def
= ρde(t)− ρbare, (46)
one has limt→∞(ρde(t) − ρbare) = 0 and one can describe such a process assuming that (see
[15]),
ρ˜de(t) = ρ˜de(t0)P(t) ≡ ρ˜de(t0)
(
|Ac(t)|2
+ 2ℜ [Ac(t) (AL(t))∗] + |AL(t)|2
)
, (47)
where P(t) is given by the relation (23). Such an approach can be considered as a general-
ization of the idea studied by Shafieloo et al. in [11]. (This was done in [15]).
This approach described shortly above is self-consistent if we identify ρde(t0) with the
energy E0 of the unstable system divided by the volume V0 (where V0 is the volume of the
system at t = t0): ρde(t0) ≡ ρqftde def= ρ0de = E0V0 and ρbare = EminV0 and γ0 = Γ0V0 . Here ρ
qft
de is the
vacuum energy density calculated using quantum field theory methods. In such a case
β =
E0 − Emin
Γ0
≡ ρ
0
de − ρbare
γ0
> 0, (48)
(where γ0 = Γ0/V0), or equivalently, Γ0/V0 ≡ ρ
0
de
−ρbare
β
.
Regarding the second strategy, as it was said earlier, the general properties of the quantum
decay process shortly described above do not depend on the mechanism responsible for a
decay. The inherent mechanism of quantum decay processes is the reduction of the energy of
the system in the metastable state |φ〉 from the large values measured at exponential decays
time region to much smaller values in the asymptotically late times region. Our hypothesis
is that this pure quantum effect may take place also in the case of decaying dark energy.
One can meet in the large literature cosmological models with metastable vacuum (see,
eg. [40–42] and many others). Some of these models admit the lifetime of the Universe
even smaller than the Planck time (see [41, 42]). In such a cases the formalism described
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in this section is fully applicable. Let us consider now a cosmological scenario in which
false vacuum may decay at the inflationary stage of the Universe. It corresponds to the
hypothesis analyzed by Krauss and Dent [5, 6]. They formulated the hypothesis that some
false vacuum regions do survive well up to the time Tq−c or later. So, let |φ〉 = |0〉false be a
false and |0〉true true vacuum states, respectively, and E0 = E false0 be the energy of a state
corresponding to the false vacuum measured at the canonical decay time, which leads to the
vacuum energy density calculated using quantum field theory methods. Let E true0 be the
energy of true vacuum (i.e., the true ground state of the system).
As it is seen from the results presented earlier, the problem is that the energy of those
false vacuum regions which survived up to Tq−c and much later differs from E false0 . Now,
if one assumes that E true0 ≡ Emin and E false0 = E0 and takes into account results described
above then one can conclude that the energy of the system in the false vacuum state has
the following form at asymptotically late times for t≫ Tq−c.
E false(t) ≃ E true0 +
f2 ~
2
t2
+
f4 ~
4
t4
· · · 6= E false0 , (49)
Now, if we identify ρde(t0) with the energy E0 of the unstable system divided by the volume
V0 (where V0 is the volume of the system at t = t0): ρde(t0) ≡ ρqftde def= ρ0de = E0V0 and
ρbare =
Emin
V0
, (where ρqftde is the vacuum energy density calculated using quantum field theory
methods), then at times t≫ Tq−c,
ρde(t) = ρ
false
0 (t) ≃ ρbare +
d2
t2
+
d4
t4
+ · · · , (t≫ Tq−c), (50)
where d2k = d
∗
2k. The analogous relation takes place for Λ(t) =
8piG
c2
ρ(t), or Λ(t) = 8piGρ(t)
in ~ = c = 1 units
Λ(t) ≃ Λbare + α2
t2
+
α4
t4
+ · · · , (t≫ Tq−c). (51)
The good approximation of Eq. (51) is to replace the cosmological time t in it with the
Hubble cosmological scale time tH =
1
H
. As the result, instead of (51) one gets
Λ(t) = Λ(H(t)) ≃ Λbare + α2 (H(t))2 + α4 (H(t))4 + · · · , (52)
that is exactly the parameterization considered in [43, 44] and in many papers of these and
other authors.
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Note that the form of κ(t) does not change when one passes from energies E(t), E0, Emin
to the above defined energy density ρ and Λ
κ(t) =
E(t)−Emin
E0 − Emin ≡
E(t)
V0
− Emin
V0
E0
V0
− Emin
V0
=
ρde(t)− ρbare
ρ0de − ρbare
=
Λ(t)− Λbare
Λqft − Λbare . (53)
IV. COSMOLOGICAL IMPLICATIONS OF DECAYING VACUUM
Our model has a methodological status of an effective theory which has a cut-off on the
scale time. Now it will be convenient to estimate the order of this parameter from the
best fit values of model parameters. From the statistical analysis obtained in Ref. [45], we
know the value of the best fit of the parameters Ωα2,0 =
α2
3H20
, where Ωα2,0 = −0.000210
and H0 = 68.38
km
s Mpc
. In result, we obtain that the best fit of the parameter β is equal to
0.000234. Next, substituting the best fit value of the parameter β and E0 = 10
120Emin into
Eq. (45) we obtain that the time Tq−c equals Tq−c ≈ 10−44s.
Parameterization (32) of the energy density of dark energy is valid when the adiabatic
condition |E˙(t)||E(t)| ≫ a˙a (or |ρ˙de||ρde| ≫
a˙
a
) is achieved, where a is the scale factor. The physical sense
of this requirement is that scale of quantum processes of decaying vacuum is much smaller
than the cosmological time scale. The satisfaction of this condition allows us to apply the
perturbation methods to calculate quantum effect on the background of an almost static
spacetime. From this condition we get that the adiabatic condition is violated when β > 107
or E0 > 10
93Emin ( ρ
0
de > 10
93Λbare), where ρ
0
de is the initial value of the energy density of
dark energy. Therefore if ρ0de < 10
93Λbare and β < 10
7 then the adiabatic condition can
be achieved during the quantum process of the decay of the vacuum. This conditions are
satisfied in the very early universe. Therefore, our model is an effective description of decay
of quantum vacuum in this restricted era.
The parameter β characterizes the type of particles. It is very large for neutrons (β =
1.72951 · 1024) while it is in some interval with the upper limit of β < 31325 (Emin > 0) [46].
The adiabatic epoch takes place in our model during the early stage of the evolution of
the Universe provided that the upper bound for β is β < 107. The parameter β characterizes
hypothetical particles, from which the quantum vacuum is build. The quantum vacuum in
our model is a metastable state, which decays with increasing time t and quantum behavior
of this vacuum becomes practically negligible for times t > Tq−c as it was shown in Sec. 3
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FIG. 4. The dependence between the time Tq−c and the value of β parameter for ρ0de = 10
85Λbare.
The unit of Tq−c is expressed in seconds.
(see Figs 1, 2 and 3). As a result the classical vacuum emerges. It should be stressed that
as one can see in Fig. 3 the density of the dark energy ρde(t) at times t ≪ Tq−c is much,
much larger then at times t ≫ Tq−c, oscillates for t . Tq−c and rapidly decreases to very,
very small values for t≫ Tq−c (see formula (53) and Fig. 3). The time Tq−c depends on the
values of the parameter β, and the density of dark energy ρ0de. In Fig. 4 one can see changes
of the time Tq−c depending on the values of the parameter β, Tq−c = Tq−c(β), obtained
numerically. Calculations were performed for ρ0de = 10
85Λbare. Note that Tq−c(β) decreases
as β grows.
We consider cosmological equations with ρde = Λ, which describes the density of dark
energy. Here, the form of Λ has been derived in the previous section and is given by
Λ ≡ Λeff(t) = Λbare + δΛ(t), (54)
where δΛ(t) describes quantum corrections given by a series with respect to 1
t
, i.e.,
δΛ(t) =
∞∑
n=1
α2n
(
1
t
)2n
, (55)
where t is the cosmological scale time. The function δΛ(t) has a reflection symmetry with
respect to the cosmological time (δΛ(−t) = δΛ(t)).
The Friedmann equation is given by the following equation
3H(t)2 = ρm(t) + ρde(t) (56)
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where H(t) is the Hubble function.
We assume the equation of state for matter and dark energy in the form pm = wmρm and
pde = −ρde, respectively, where pm is pressure of matter and pde is pressure of dark energy.
The Einstein field equation for the FRW metric is given by
dH(t)
dt
= −1
2
(ρeff(t) + peff(t)) = −1
2
(wm + 1)ρm(t)
= −1
2
(wm + 1)
(
3H(t)2 − Λbare − δΛ(t)
)
,
(57)
where ρm is the density of matter, ρeff = ρm + ρde and peff = pm + pde.
Now we cut off the series (55) on the second term. In result, we get
δΛ(t) =
α2
t2
+
α4
t4
. (58)
From Eq. (35), we can obtain that the parameter α2 is negative and the parameter α4 is
negative when β ∈ (0.346, 0.684). In this case, the Friedmann equation has the following
form
3H2 = ρm + Λbare +
α2
t2
+
α4
t4
. (59)
The typical evolution of the Hubble function is presented in Fig. 5.
The Friedmann equation (59) can be rewritten in dimensionless terms
H(t)2
H20
= Ωm,0f(t) + ΩΛbare,0 + Ωα2,0
T 20
t2
+ Ωα4,0
T 40
t4
, (60)
where Ωm,0 =
ρm,0
3H20
, ΩΛbare,0 =
Λbare
3H20
, Ωα2,0 =
α2
3H20T
2
0
, Ωα4,0 =
α4
3H20T
4
0
, H0 is the present value
of the Hubble constant, f(t) = ρm(t)
ρm,0
, and T0 is the present age of the Universe. Here, ρm,0
parameter denotes the present value of the energy density of matter.
Our model has five parameters: H0, Ωm,0, ΩΛbare,0, Ωα2,0, and Ωα4,0. But, for the present
age of the Universe, from Eq. (60), we obtain the following condition
1 = Ωm,0 + ΩΛbare,0 + Ωα2,0 + Ωα4,0, (61)
which reduces the number of independent parameters from five to four.
In the case δΛ(t) given by Eq. (59), when Λbare = 0, Eq. (57) has the following solution
for α4 > 0
H(t) =
1−√1 + 3(wm + 1)2α2
3(wm + 1)t
−
√
α4In+1
(
(wm+1)
√
3α4
2t
)
√
3t2In
(
(wm+1)
√
3α4
2t
) , (62)
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FIG. 5. The diagram presents the typical evolution of the Hubble function H(t) for the model
with ρde = Λbare +
α4
t4
and dust matter for the case α4 = 10
−8 s Mpc
km . The cosmological time t is
expressed in s Mpckm and H(t) is expressed in
km
s Mpc .
for α4 < 0
H(t) =
1−
√
1 + 3(wm + 1)2α2
3(wm + 1)t
+
√−α4Jn+1
(
(wm+1)
√−3α4
2t
)
√
3t2Jn
(
(wm+1)
√−3α4
2t
) , (63)
where In(x) is the modified Bessel function of the first kind, Jn(x) is the Bessel function of
the first kind and n = 1
2
√
1 + 3(wm + 1)2α2.
Note that for α4 = 0, Eqs (62) and (63) simplify to the following form
H(t) =
1−√1 + 3(wm + 1)2α2
3t
. (64)
From Eq. (64), we obtain a formula for the scale factor a(t)
a(t) =
(
t
T0
) 1
3
(
1−
√
1+3(wm+1)2α2
)
, (65)
where T0 is the present age of the Universe.
For the illustration of dynamical analysis of cosmology with dark energy parameterization
(55), we choose a special case in which α2 < 0. Let x =
√
ρm√
3H
, y =
√
Λbare√
3H
and z =
√−α2√
3Ht
.
From the Friedmann equation (59), we get the following condition
1 = x2 + y2 − z2 +
∞∑
n=2
α(2n)Λ
n−1z2n√−α22ny2n−2
. (66)
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We choose a new reparameterized time τ = ln a(t), where a(t) is the scale factor and
a˙(t)
a(t)
= H(t). We obtain y′ and z′, where ′ ≡ d
dτ
, and get the dynamical system
y′ =
3
2
yx2,
z′ =
3
2
zx2 −
√−3
α2
z2.
(67)
We can use condition (66) to eliminate the variable x from the dynamical system (67). In
result, we get the following dynamical system
y′ =
3
2
y
(
1− y2 −
∞∑
n=1
α2nΛ
n−1z2n√−α22ny2n−2
)
,
z′ =
3
2
z
(
1− y2 −
∞∑
n=1
α2nΛ
n−1z2n√−α22ny2n−2
)
−
√−3
α2
z2.
(68)
If we cut off the series (55) on the second term (n = 2) then we get
dy
dτ
=
3
2
y
(
y2(1− y2 + z2)− γz4) ,
dz
dτ
=
3
2
z
(
y2(1− y2 + z2)− γz4)−√−3
α2
y2z2,
(69)
where γ = α4Λ
α22
and dτ = dt
y2
is the new reparameterized time. The phase portrait for system
(69) is presented in Fig. 6.
For the analysis of the behavior of trajectories at infinity we use the following sets of
projective coordinates:
1. Y = 1
y
, Z = z
y
,
2. Y˜ = y
z
, Z˜ = 1
z
.
For the coordinates Y and Z with the reparameterized time dτ = dt
Y
, we get the following
dynamical system
dY
dτ
=
3
2
(
1− Y 2 − Z2 + γZ4) ,
dZ
dτ
= −
√
3Z2√−α2 .
(70)
The phase portrait for system (70) is presented in Fig. 7.
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FIG. 6. The phase portrait of the system (69). Critical point 1 (y = 1, z = 0) is a stable node and
represents the de Sitter universe. Critical point 2 (y = −1, z = 0) is a saddle and represents the
anti de Sitter universe. Critical point 3 (y = 0, z = 0) is a saddle and represents the Einstein-de
Sitter universe. The values of α2 and γ are assumed respectively as −1 and 1. The gray color
represents the non-physical domain forbidden for classical trajectories for which H2 ≥ 0.
For coordinates Y˜ , Z˜, we obtain the dynamical system
dY˜
dτ
=
√
3Y˜ 3√−α2 ,
dZ˜
dτ
=
√
3√−α2 Y˜
2Z˜ + 3
(
γ + Y˜ 4 − Y˜ 2(1 + Z˜2)
)
,
(71)
where the reparameterized time dτ = dt
Y˜ 2Z˜
. The phase portrait for this system is presented
in Fig. 8.
In parameterization (55) the symmetry t→ −t is present. This symmetry appears in the
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FIG. 7. The phase portrait of the system (69). Critical point 1 (Y = 1, Z = 0) is a stable node
and represents the de Sitter universe. Critical point 2 (Y = −1, Z = 0) is a saddle and represents
the anti de Sitter universe. The values of α2 and γ are assumed respectively as −1 and 1. The gray
color represents the non-physical domain forbidden for classical trajectories for which H2 ≥ 0.
acceleration equation
dH(t)
dt
= −1
2
(
3H(t)2 − Λbare −
∞∑
n=1
α2nt
−2n
)
. (72)
The total energy-momentum tensor T µν = T µνm + T
µν
de is conserved in our model. In this
model, the energy density is transferred between the matter and dark energy, what gives
the interaction in the dark sector. This process is described by the following equations
dρm(t)
dt
+ 3H(t)ρm(t) = −dρde(t)
dt
= −dΛeff(t)
dt
,
dρde(t)
dt
=
dΛeff(t)
dt
,
(73)
where it is assumed that pressure of matter pm = 0 and pde = −ρde. The time variability of
matter is demonstrated in Fig. 9.
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FIG. 8. The phase portrait of the system (71). The values of α2 and γ are assumed respectively as
−1 and 1. The gray color represents the non-physical domain forbidden for classical trajectories
for which H2 ≥ 0.
The small deviation from the canonical scaling of the energy density of matter ρm ∝
a−3(1+wm) [43, 44] is defined by the following term
λ(t) =
ln ρm(t)
ρm,0
ln a(t)
+ 3(1 + wm) (74)
in relation
ρm(t) = ρm,0a
−3(1+wm)+λ(t). (75)
The evolution of the λ(t) parameter is presented in Fig. 9. For radiation, we have an
analogical relation
ρr = ρr,0a
−4+λ(t). (76)
The Eq. (74) can be rewritten in the form
λ(t) =
1
ln a(t)
∫
Λ˙(t)
H(t)ρm(t)
d ln a. (77)
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FIG. 9. The diagram presents the evolution of the parameter λ(t) with respect to the cosmological
time t for ρde = Λbare +
α4
t4
for the dust matter case. Two example values of the parameter α4 are
chosen: α4 = −10−7 s Mpckm (the top green curve) and α4 = 10−7 s Mpckm (the bottom blue curve). The
cosmological time t is expressed in s Mpckm . Here, the present age of the Universe T0 = 0.014
s Mpc
km .
If we cut off the series (55) on the first term then λ(t) is limited by |λ(t)| ≥ 0.
V. DECAY AS A RESULT OF AN IRREVERSIBLE QUANTUM PROCESS DE-
TERMINING THE ARROW OF TIME
In the cosmological studies, one can associate the Hawking temperature and entropy with
the apparent horizon in an analogous way to as it is considered in the context of the black
hole horizon [16, 17]. While in the de Sitter space-time, the event horizon coincides with the
apparent horizon of the FRW flat cosmological model, for more general cosmological models,
the apparent horizon related with the Hawking temperature and entropy always exists even
if the horizon does not exist.
In this section, we study thermodynamics in the model under consideration which can be
reduced to the problem of thermodynamics in cosmological models with the matter (dark
matter and baryonic matter) and dark energy interaction. This problem was investigated
in the context of the generalized second law of thermodynamics in interacting cosmological
models [47, 48].
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In our model, energy densities of both matter and dark energy satisfy the continuity
equation in the form
d
dt
(ρm + ρde) + 3H (ρm + pm + ρde + pde) = 0, (78)
d
dt
ρde =
d
dt
(δΛ(t)) . (79)
If we assume that matter is in the form of dust (pm = 0) and dark energy of the vacuum
satisfies the equation of state pvac = −ρvac, then equations (78) and (79) assume the form of
the following equation for both constituents
ρ˙m + 3Hρm = − d
dt
(δΛ(t)) , (80)
ρ˙de =
d
dt
(δΛ(t)) , (81)
where δΛ(t) is an additive and time dependent contribution added to the bare cosmological
constant (see Eq. (54)). Let us define the interacting term Q ≡ d
dt
(δΛ(t)). It would be
convenient to rewrite Eqs (80) and (81) in a new form containing an effective coefficient
equation of state weff =
peff
ρeff
, i.e.,
ρ˙de + 3H
(
1 + weffde
)
ρde = 0, (82)
ρ˙m + 3H
(
1 + weffm
)
ρm = 0, (83)
where parameters of the effective equation of state are given by
weffde = −1 −
d
dt
(δΛ(t))
3Hρde
, (84)
weffm =
d
dt
(δΛ(t))
3Hρm
. (85)
After adding to above equations the Friedmann first integral 3H2 = ρm + ρde we obtain
complete equation describing the evolution of constituents (matter and dark energy) in the
background of the FRW flat cosmology. Because of the time dependence of the interacting
term Q ≡ d
dt
(δΛ(t)) in the effective coefficients weffde and w
eff
m , the equation of state is also
time dependent.
In the model under consideration dark energy and dark matter interact due to a quantum
correction included in the model. It would be useful to investigate the thermodynamic
behavior of a cosmological model with matter, dark energy, and the interaction. Therefore,
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we consider the universe as a thermodynamic system and apply the generalized second
thermodynamic law [49, 50]. In the context of the application of thermodynamics to the
Universe, the “radius” of the Universe is connected with the temperature of the Universe
[51, 52]. For the flat universe as a “radius” is used the apparent horizon, which in this case
coincides with the Hubble horizon, i.e.,
r˜A =
1
|H| or
1
r˜2A
=
1
3
(ρde + ρm) . (86)
Now one can connect the apparent horizon (casual horizon) with the gravitational entropy
and considers the Universe as a thermodynamic system for which the apparent horizon
surface is its boundary.
Let us calculate a sum of the total entropy enclosed by the apparent horizon and the en-
tropy of the apparent horizon. We assume that after the equilibrium is reached all the fluids
inside the apparent horizon possess a temperature T which coincides with the temperature
of the horizon Th [16, 53].
We considered the Universe as an isolated system for which the Gibbs relation is fulfilled.
Therefore, the first law of thermodynamics assumes the following form
TdS = dE + PdV, (87)
where the universe filled (because of the nonzero interacting term) with effective matter and
effective dark energy assumes the following forms [54, 55]
dSeffde =
1
T
(
peffdedV + dEde
)
, (88)
dSeffm =
1
T
(
peffm dV + dEm
)
, (89)
where volume V = 4pi
3
r˜3A represents the volume limited by the apparent horizon (from this
we obtain dV = 4pir˜2Adr˜A, Em = ρmV and Ede = ρdeV . After dividing above formulas over
dt we obtain relation for the time variability of entropies of both effective matter and dark
energy
peffm = w
eff
m ρm, (90)
peffde = w
eff
deρde. (91)
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Finally, the following result can be obtained [47]
dSeffde
dt
=
4pi
T
r˜2A
(
˙˜rA −Hr˜A
) (
1 + weffde
)
ρde, (92)
dSeffm
dt
=
4pi
T
r˜2A
(
˙˜rA −Hr˜A
) (
1 + weffm
)
ρm. (93)
After putting the temperature of the horizon following from black hole thermodynamics
Th =
1
2pir˜A
we obtain entropy of the horizon and its time derivatives
dSh
dt
= 16pi2r˜A ˙˜rA. (94)
Because
dStot
dt
=
d
dt
(
Seffde + S
eff
m + Sh
)
(95)
generalized second law of thermodynamics assumes the following final result [47]
S˙tot = 4pi
2r˜6AH [(1 + wde)ρde + (1 + wm)ρm]
2 , (96)
where ˙˜rA is from a relation obtained after differentiating both sides of the Friedmann equa-
tion rewritten to the form
1
r˜2A
=
1
3
(ρde + ρm) . (97)
Note that the quantum effect correction is present in the interacting term Q, does not con-
tribute in S˙tot which is always non-negative. This fact confirms the validity of the generalized
second law of thermodynamics. This result is obvious independent on the quantum correc-
tion arising from the decaying vacuum. The evolution of S˙tot for the case ρde = Λbare +
α2
t2
is presented in Fig. 10. The total entropy must always increase because S˙tot ≥ 0. Effect of
quantum decay of vacuum in calculation of entropy is manifested by the presence of an inter-
acting term describing energy transfer between sectors of dark matter and dark energy. Our
calculations shows that, the time derivative of the total entropy is always non-negative, and
this result hold independently of the specific interaction term, i.e., the process of quantum
decay is neutral with respect to the time derivative of the total entropy.
We can obtain the form of the variation of the second derivative of entropy S¨tot from
Eq. (96). Then we get
S¨tot =
18pi2
r˜2A
H2 [(1 + wde)ρde + (1 + wm)ρm][(
(1 + wde)ρde + (1 + wm)ρm
)(
(1 + 5wde − 4wm)ρde
+ (1 + wm)ρm
)
+ 4(wde − wm)Hρ˙de
]
. (98)
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FIG. 10. The diagram presents the variation of the first derivative of total entropy S˙tot with respect
to the cosmological time for the case ρde = Λbare +
α2
t2 , where α2 < 0. The cosmological time t
and S˙tot are expressed in
s Mpc
km . Note that S˙tot approaches asymptotically zero as t tends to the
infinity.
The evolution of S¨tot for the case ρde = Λbare +
α2
t2
is presented in Fig. 11. One can observe
that the second derivative of entropy approaches zero from below in the late time evolution
of the Universe. Hence the convexity condition is satisfied in the final states of evolution
and as a result entropy will never grow unbounded in this case.
VI. THE EVOLUTION OF THE TEMPERATURE IN MODELS WITH A QUAN-
TUM DECAY OF THE VACUUM
For the perfect fluid, energy momentum tensor T αβ is given by
T αβ = (ρ+ p)uαuβ − pgαβ, (99)
where gαβ is the metric and uα is the four velocity. From equation (99), we can obtain the
energy conservation law
(
uαT
αβ
;β = 0
)
ρ˙+ 3H(ρ+ p) = 0. (100)
Here, ;β ≡ ∇β denotes divergence.
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FIG. 11. The diagram presents the evolution of S¨tot in the case when ρde = Λbare +
α2
t2 , where
α2 < 0. The cosmological time t and S¨tot are expressed in
s Mpc
km and
s2 Mpc2
km2
, respectively. Note
that S¨tot approaches asymptotically zero as t tends to the infinity. S¨tot approaches zero from below
for the late times. Therefore, the convexity condition is satisfied and in consequence, the entropy
will never be unbounded. This fact has a simple interpretation that the Universe tends towards a
state of the thermodynamic equilibrium.
Let Nα be the particle current, which is defined by
Nα = nuα, (101)
where n is the particle number density of the fluid component. If the number of particles is
not conserved then
Nα;α = Q (102)
or
n˙+ 3Hn = Q, (103)
where Q is the interacting term defined by
Q = −Λ˙. (104)
When Q > 0, then the number of particles increases with the time. When Q < 0, then the
number of particles decreases with the time.
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Let wde = −1. Because we assume in our model that matter is described by perfect fluid,
the equation of state for matter is given by pm = nkT , where n is number of particles per
unit volume and k is the Boltzmann constant. Because pm = wmρm, we obtain
ρm =
nkT
wm
, (105)
where wm 6= 0. The energy conservation equation (100) can be rewritten as
ρ˙m(t) = −3H(t)(ρm(t) + pm(t))− Λ˙(t) (106)
or
n˙(t)kT (t) + n(t)kT˙ (t) = −3H(t)n(t)kT (t)(1 + wm)− Λ˙(t). (107)
From Eqs (103) and (104), we obtain that
− Λ˙(t) = n˙(t) + 3H(t)n(t). (108)
The above equation can be rewritten as
N˙(t) = −Λ˙(t)a(t)3, (109)
where N = na3 is the number of particles.
From Eqs (105)-(108), we obtain
T˙ (t) = −
(
3wmH(t) +
Λ˙(t)
ρm(t)
)
T (t) +
kΛ˙(t)
wmρm(t)
T (t)2. (110)
In the case Λ(t) = Λbare +
α2
t2
+ α4
t4
, Eq. (110) has the following form
T˙ (t) = −
(
3wmH(t)− 2
α2 +
2α4
t2
t3ρm(t)
)
T (t)− 2k α2 +
2α4
t2
wmt3ρm(t)
T (t)2. (111)
When we neglect Λbare and use respectively Eq. (62) and Eq. (63), then the above equation
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gets respectively the following form for α4 > 0
T˙ (t) = − 2k
wmt
(α2t
2 + 2α4)T (t)
2
[(
1−√1 + 3(wm + 1)2α2√
3(wm + 1)
t
−
√
α4In+1
( (wm+1)√3α4
2t
)
In
(
(wm+1)
√
3α4
2t
)
)2
− α2t2 − α4
]−1
+
[
2
t
(α2t
2 + 2α4)
[(
1−√1 + 3(wm + 1)2α2√
3(wm + 1)
t
−
√
α4In+1
( (wm+1)√3α4
2t
)
In
( (wm+1)√3α4
2t
)
)2
− α2t2 − α4
]−1
− wm
(
1−√1 + 3(wm + 1)α2
(wm + 1)t
−
√
3α4In+1
( (wm+1)√3α4
2t
)
t2In
( (wm+1)√3α4
2t
)
)]
T (t), (112)
and for α4 < 0
T˙ (t) = − 2k
wmt
(α2t
2 + 2α4)T (t)
2
[(
1−√1 + 3(wm + 1)2α2√
3(wm + 1)
t
−
√−α4Jn+1
( (wm+1)√−3α4
2t
)
Jn
(
(wm+1)
√−3α4
2t
)
)2
− α2t2 − α4
]−1
+
[
2
t
(α2t
2 + 2α4)
[(
1−√1 + 3(wm + 1)2α2√
3(wm + 1)
t
−
√−α4Jn+1
( (wm+1)√−3α4
2t
)
Jn
(
(wm+1)
√−3α4
2t
)
)2
− α2t2 − α4
]−1
− wm
(
1−√1 + 3(wm + 1)α2
(wm + 1)t
−
√−3α4Jn+1
(
(wm+1)
√−3α4
2t
)
t2Jn
( (wm+1)√−3α4
2t
)
)]
T (t), (113)
Figs 12, 13 and 14 present the evolution of T (t) for Λ(t) = Λbare +
α2
t2
+ α4
t4
. In Fig. 14, we
can observe a growth of temperature caused by quantum effects of decaying of dark energy
in the early time universe.
In the adiabatic photon creation case [56], we have an assumption
p1−γT γ = const (114)
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FIG. 12. The diagram presents the evolution of the temperature T (t) for the model with ρde =
Λbare +
α2
t2
for the case wm = 0.1 (blue curve), wm = 0.01 (red curve), and wm = 0.001 (green
curve). Here, the parameter α2 is equal to −0.001 s Mpckm . The cosmological time t is expressed in
s Mpc
km (here, the present age of the Universe T0 = 0.014
s Mpc
km ) and T (t) is expressed in Kelvins (the
present value is assumed as 2.7249 K).
or in the equivalent form
n1−γT = const (115)
or
(Na−3)1−γT = const. (116)
In result, we obtain that
ρm = mT
γ
γ−1 , (117)
where m = const, γ = wm + 1, and γ 6= 1.
After using Eq. (117) in the Friedmann equation (56) we get that
3H(t)2 = mT (t)
γ
γ−1 + Λ(t). (118)
In consequence, we can easily obtain that
T (t) =
(
3H(t)2 − Λ(t)
m
) γ−1
γ
(119)
33
0.005 0.010 0.015 0.020
t
1
2
3
4
5
T HtL
FIG. 13. The diagram presents the evolution of the temperature T (t) for the model with ρde =
Λbare+
α2
t2
for the case α2 = −0.1 s Mpckm (red curve), α2 = −0.01 s Mpckm (blue curve), α2 = −0.001 s Mpckm
(green curve). Here, the coefficient wm is equal to 0.001. The cosmological time t is expressed in
s Mpc
km (here, the present age of the Universe T0 = 0.014
s Mpc
km ) and T (t) is expressed in Kelvins (the
present value is assumed as 2.7249 K).
or after respectively using Eq. (116) and Eq. (115)
n =
(
3H(t)2 − Λ(t)
b
) 1
γ
(120)
and
N = a3
(
3H(t)2 − Λ(t)
b
) 1
γ
, (121)
where b = const. In the case of Λ(t) = Λbare +
α2
t2
+ α4
t4
, Eq. (119) has the following form
T (t) =
(
3H(t)2 − Λbare − α2t2 − α4t4
m
) γ−1
γ
. (122)
Because ρr = ρr,0a
−4+λ(t), for the radiation case (γ = 4/3), we can obtain that
T = T0a
λ/4−1, (123)
where T0 is the present value of temperature of the Universe.
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FIG. 14. The diagram presents the evolution of the temperature T (t) for the model with ρde =
Λbare +
α4
t4
, radiation, and without baryonic matter for the case α4 = −10−14 s Mpckm (blue curve),
α4 = 10
−14 s Mpc
km (green curve), and α4 = 10
−12 s Mpc
km (red curve). The cosmological time t is
expressed in s Mpckm (here, the present age of the Universe T0 = 0.014
s Mpc
km ) and T (t) is expressed in
Kelvins (the present value is assumed as 2.7249 K). Note that in the early time universe, we can
observe a growth of temperature caused by quantum effects of decaying of dark energy.
When we neglect Λbare term and use Eq. (62) and Eq. (63), respectively, Eq. (122) gets
the following form for α4 > 0
T (t) =
{
1
m
[
3
(
1−√1 + 3(wm + 1)2α2
3(wm + 1)t
−
√
α4In+1
( (wm+1)√3α4
2t
)
√
3t2In
( (wm+1)√3α4
2t
)
)2
− α2
t2
− α4
t4
]} γ−1
γ
(124)
and for α4 < 0
T (t) =
{
1
m
[
3
(
1−√1 + 3(wm + 1)2α2
3(wm + 1)t
+
√−α4Jn+1
( (wm+1)√−3α4
2t
)
√
3t2Jn
( (wm+1)√−3α4
2t
)
)2
− α2
t2
− α4
t4
]} γ−1
γ
. (125)
Our general conclusion arising from the thermodynamic analysis is that the model seems
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to be very natural. The dynamics of the Universe is irreversible when full quantum ef-
fects of the decaying vacuum are taken into account. Of course, this irreversibility has a
thermodynamic interpretation as far as the evolution of the Universe is concerned. In ther-
modynamics, the area of the cosmological horizon is interpreted as a black hole Hawking
entropy. In the model under consideration, the entropy growth is an irreversible process and
entropy grows to the state of a thermal equilibrium. This process is independent on details
of quantum corrections.
VII. CONCLUSIONS
From our investigation of cosmological implications of the quantum decay of metastable
dark energy, we got the following results.
Firstly, the cosmological models with the running cosmological parameter are an extension
of ΛCDM model. The new ingredient in the comparison with the standard cosmological
model (ΛCDM model) is the interaction between the matter and dark energy. In result,
the canonical scaling law ρm ∝ a−3 is modified. Since Λ(t) is decaying (dΛdt < 0) density of
matter in the comoving volume ∝ a3 increases with time. The leading term at late times of
the evolution of the Universe in Λ(t) is of the order 1/t2.
The analogous conclusion was formulated by Freese et al. [57] in the context of the
decaying vacuum. They considered the case when the particle number is not conserved
d
dt
(ρma
3) 6= 0 during the cosmic evolution which implies the continuous creation of massive
particles. If we denote by ∆nB the net baryon (or antibaryon) number density created by the
vacuum during the matter dominated epoch then ∆nB(t) ∝ t−2 and ρv ∝ t−2 (see formulas
(31) and (30b) in Ref. [57]).
The parameterization of the metastable dark energy in terms of the power series with
respect to 1/t is symmetric (time reflection t→ −t) because it contains only even terms. For
the present time of the cosmic evolution only the leading term 1/t2 prevails. This term is a
residue from earlier epochs. If we express this term in terms of size of horizon L than this
residual metastable dark energy is proportional L−2. Note that this term assumes the form
of holographic dark energy. In the holographic universe dark energy is quantum zero-point
energy density caused by distance cut-off, so the total energy inside of the sphere with radius
L is equal to mass of a black hole of the same size ρΛ = 3c
2L−2 [58]. In some sense if we
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take full parameterization of metastable dark energy in a Taylor series, this formula can be
interpreted as the generalized model of holographic dark energy, replacing t by the size of
horizon L.
Secondly, the generalized second law of thermodynamics required that, the total entropy,
due to matter, quantum corrections and horizon together, must always increase, i.e., dS
dt
≥ 0.
This condition is always satisfied in the model under the consideration. We obtained this
condition in the same form like in the case without quantum corrections.
On the other hand the function d
2S
dt2
approaches zero from below (see Fig. 11) during the
late time evolution of the Universe. Therefore, the upper convexity condition d
2S
dt2
< 0 is
satisfied at final stages of the evolution of the Universe. This fact has a simple interpretation
that the Universe goes towards a state of the thermodynamic stable equilibrium.
For a better interpretation [59] of the vacuum decay scenario we considered the temper-
ature evolution of the Universe with respect to the cosmological time. We considered the
photon creation process in the adiabatic form. As we have seen, in the “adiabatic” case [56],
the temperature T satisfies (119) dependence on some details of the vacuum decay. For the
early Universe, we found that the quantum effects modified the evolution of the temperature
(see Fig. 14). It is found that the vacuum decaying into photon obeys the generalized scaling
relation ρr = ρr,0a
−4+λ(t) and its temperature scales as T (t) = T0a(t)λ/4−1. We also argued
that in the context of the thermodynamic consideration the basic parameter quantifying the
vacuum decay rate must be positive.
We also found that the adiabatic condition |ρ˙de||ρde| ≫
a˙
a
is violated when β > 107 or ρ0de >
1093Λbare.
From our consideration of the decaying process of metastable dark energy one can also
conclude that the early Universe can offer some possibilities of testing of quantum mechanics.
This fundamental theory can be probed in a standard way in labs but also in different
regimes established by the early Universe. It seems to be a natural way of testing the limits
of quantum mechanics.
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